The 4α condensate state for 16 O is discussed with the THSR (Tohsaki-Horiuchi-Schuck-Röpke) wave function which has α-particle condensate character. Taking into account a proper treatment of resonances, it is found that the 4α THSR wave function yields a fourth 0 + state in the continuum above the 4α-breakup threshold in addition to the three 0 + states obtained in a previous analysis. It is shown that this fourth 0 + ((0 + 4 )THSR) state has an analogous structure to the Hoyle state, since it has a very dilute density and a large component of α + 12 C(0 + 2 ) configuration. Furthermore, single-α motions are extracted from the microscopic 16-nucleon wave function, and the condensate fraction and momentum distribution of α particles are quantitatively discussed. It is found that for the (0 + 4 )THSR state a large α-particle occupation probability concentrates on a single-α 0S orbit and the α-particle momentum distribution has a δ-function-like peak at zero momentum, both indicating that the state has a strong 4α condensate character. It is argued that the (0 + 4 )THSR state is the counterpart of the 0 + 6 state which was obtained as the 4α condensate state in the previous 4α OCM (Orthogonality Condition Model) calculation, and therefore is likely to correspond to the 0 + 6 state observed at 15.1 MeV.
I. INTRODUCTION
The concept of α-clustering is essential to understand the structure of light nuclei [1, 2] . In particular, 16 O is one of the nuclei which have the most extensively been studied with the cluster model as well as with the shell model. While the ground state is well understood to have a doubly-closed-shell structure, the excited state, such as the second 0 + state, is known as one of "the mysterious 0 + states" whose excitation energy, 6.05 MeV, is too low to be explained in terms of the shell model [3] . It had also been mysterious that the second 0 + state forms a rotational band with low-lying 2 + and 4 + states. Besides those states, the third 0 + state at 12.05 MeV has been difficult to be understood from the shell model aspect as well. One of the main aims of the cluster model approach has been to describe these states from a different perspective and, indeed, the studies based on the α-cluster model have succeeded in reproducing many experimental data. It was clarified that the 0 states have α(S)+ 12 C(0 + ) and α(D)+ 12 C(2 + ) cluster structures, where the α particle rotates in an S and D wave around the 12 C core being in 0 + and 2 + states, respectively [4] [5] [6] . The great success also comes from having further revealed that almost all of the excited states up to ∼ 14 MeV have considerable large α+ 12 C cluster components [4, 5] .
Besides α+ 12 C clustering, 4α clustering can also be expected to exist around the decay threshold into 4α particles at 14.44 MeV, as suggested by Ikeda et al. [7] . As an intriguing subject investigating the 4α cluster structure, the presence of a 4α linear-chain state still remains an open question [8] [9] [10] . Another possibility are dilute gas-like states composed of weakly interacting 4α particles [11] . They are analogues to the Hoyle state, i.e. the 0 + 2 state in 12 C, well described by a gas-like 3α-particle structure with dilute density [12] . In good approximation it forms a product state of the 3α particles in the lowest 0S orbit of the corresponding mean field potential [11, [13] [14] [15] [16] . A striking fact is that the Hoyle state wave function obtained more than 30 years ago by solving the 3α RGM (Resonating Group Method) equation of motion [17] is to very good approximation identical to an antisymmetrized product type wave function [13] , the so-called THSR (Tohsaki, Horiuchi, Schuck and Röpke) wave function, introduced in Ref. [11] , and slightly modification in Ref. [18] . Thus, the state has been proposed to be related to boson condensation of α particles in infinite nuclear matter [19] [20] [21] . The new interpretation of the Hoyle state as an α condensate has provoked many theoretical and experimental works on α-particle condensation phenomena in light nuclei [22] [23] [24] [25] [26] [27] [28] [29] [30] . It should be mentioned that also for A = 4n nuclei such as 11 B and 13 C several authors try to find states which are analogous to the Hoyle state [31] [32] [33] .
The first investigation of the 4α-particle condensate state was performed via the THSR ansatz in Ref. [11] , where two excited 0 + states were obtained. In particular, the third 0 + ((0 + 3 ) THSR ) state has an excitation energy close to the 4α threshold and a considerably larger r.m.s. radius, R rms = 3.9 fm, than the one of the ground state, R rms = 2.7 fm, and therefore the (0 + 3 ) THSR state was re-garded as a candidate of the 4α condensate state. Based on this theoretical prediction, an experimental search for the 4α condensate state was undertaken via inelastic α scattering on 16 O. A new 0 + state was observed, as the fourth 0 + state, at 13.6 MeV with a relatively large α decay width of 0.6 MeV [34] . The angular distribution of the cross section of the inelastic α scattering to the new state well agrees with the calculated one using the (0 + 3 ) THSR wave function. The relatively large decay width of 0.6 MeV is also consistently reproduced by the THSR wave function [35] . These results lead to the conclusion [11, 34, 35] that the (0 + 3 ) THSR state may be assigned to the new 0 + state at 13.6 MeV. Thus the 13.6 MeV state was considered to be a candidate of the 4α condensate state [34] .
In order to confirm the above mentioned THSR description of 16 O, recently the present authors investigated the 4α condensate state via the 4α OCM (Orthogonality Condition Model) [36] . The four-body (4α) problem with respect to the α-α relative motion was solved in a model space large enough to describe the dilute 4α gaslike configuration, as well as α+ 12 C cluster and shellmodel-like ground state structures, using the Gaussian expansion method [37] . A one-to-one correspondence with the observed energy spectrum up to the 0 ) OCM ) state has large occupation probability of 61 % for 4α's in the single 0S orbit and also a large overlap with the α+ 12 C * (Hoyle state) structure. These results indicate that the (0 + 6 ) OCM state can be regarded to be the 4α condensate state as the analogue to the Hoyle state, to be identified with the sixth experimental 0 + state at 15.1 MeV. The well-known α-cluster structures of the 0 + 2 and 0 + 3 states were simultaneously reproduced, in agreement with previous OCM calculations [4, 6] . It was also shown that the 0 + 4 and 0 + 5 states both have α+ 12 C cluster structures, where the α cluster orbits in a higher nodal S-wave and in a P -wave around the 12 C core with J π = 0 + 1 and 1 − 1 , respectively. These states had not been discussed so far in the literature.
In this work, we confront our previous analysis with the THSR wave function for 16 O [11] with the above mentioned results from the OCM approach. As we explained above, the 4α OCM results tell us that the 0 + 6 state at 15.1 MeV is a good candidate for the 4α condensate state. In Ref. [11] using the THSR wave function only three 0 + states were obtained, including the ground state. This scarcity of 0 + states in the THSR approach is easily understood by the fact that it allows only for two limiting configurations, that is a pure Slater determinant for B = b and a pure α-particle gas for B ≫ b [38] . Asymptotic configurations like 12 C(0 + 1 ) + α are absent. They may be represented in a rough average way by the intermediate 0 + state. In any case the situation is such that it incited us to reanalyze the previous study of Ref. [11] . The important question is whether or not the counterpart of the (0 + 6 ) OCM state can also be found with the THSR ansatz, which should be a further state located above the (0 + 3 ) THSR state. In this respect, we need to recall that, in the previous THSR calculation [11] , a proper resonance boundary condition was not imposed even for the states above the 4α threshold. Thus we could not obtain reliable results for higher 0 + states than the (0 16 O are analyzed in detail in Sects. III B and III C. The quantities based on α-particle bosonic degree of freedom, such as the amount of condensation, are discussed in Sec. III D. Further discussions are presented in Sects. III E and III F. Sec. IV is devoted to the conclusion.
II. FORMULATION A. THSR wave function
In general, the nα cluster model wave function can be presented in the following form:
(1) with A the antisymmetrizer and φ αi the intrinsic wave function of the i-th α-particle, which is taken as a Gaussian,
The wave function χ for the c.o.m. motion of the α's with R i = 1 4 (r i,1 + r i,2 + r i,3 + r i,4 ) is, of course, also chosen translationally invariant, that is it depends only on the relative coordinates R ij = R i − R j or on the corresponding Jacobi coordinates. The spin-isospin part in Eq. (1) is not written out but supposed to be of scalarisoscalar form. We will not mention it henceforth.
In 2001, Tohsaki, Horiuchi, Schuck, and Röpke (THSR) [11] adopted, as the nα condensate type wave function, the following ansatz for χ in Eq. (1),
with the total c.o.m. coordinate
, that is a Gaussian with a large width parameter B which is of the nucleus' dimension. The product of n identical 0S wave functions reflects the boson condensate character. This feature is realized as long as the action of the antisymmetrizer in Eq. (1) is sufficiently weak. This type of condensate wave function has been known, in the meantime, to have considerable success, notably with an accurate description of the Hoyle state, proposing it as the first of a series of excited states in nα nuclei with α-particle condensate character. Those states can be considered as the precursors of macroscopic α-particle condensation in nuclear matter at low density [19] .
The internal part of the Hamiltonian we adopt in the present study of 16 O is composed of kinetic energy −h 2 2M ∇ 2 i , with nucleon mass M , the Coulomb force V C ij and the effective nuclear interaction:
where the c.o.m. kinetic energy T G is subtracted. In this calculation, we adopted the same nucleon-nucleon force with two-body V (2) ij and three-body V (3) ijk terms as adopted in Ref. [11] . Both two-body and three-body forces consist of finite-range Gaussian functions with a parameter set named F1 given in Ref. [39] .
The wave functions of quantum states in 16 O can then be expanded using the 4α THSR wave function, like
where Φ 4α (B (m) ) is the 4α THSR wave function which has the form of 
B. Extraction of the resonance wave function
One of the aims of the present study is to discuss the states obtained by the THSR ansatz with proper treatment of resonances. The calculation of the resonance state in the bound state approximation is usually done by diagonalizing the Hamiltonian with the use of a finite number of square-integrable basis wave functions. The calculated positive energy eigenstates which are linear combinations of the basis wave functions are divided into resonance states and continuum states.
There are many practical methods to carry out this division. One of the methods, found in Ref. [40] by some of the present authors, was shown to give consistent results with the ones obtained with a well known approach to resonances such as the ACCC (Analytic Continuation of the Coupling Constant) method [41, 42] . We apply the method to the present study, and following the literature [40] , briefly explain it in this subsection.
Let us first consider an attractive pseudo-potential V which is added to the original Hamiltonian H, yielding
where δ is a coupling constant used to vary the strength of the pseudo-potential. We diagonalize this new Hamiltonian H ′ (δ) by using the same set of basis wave functions as used for H. As we increase the coupling constant δ from the physical value, δ = 0, the eigenenergy of any resonance state decreases, and eventually the resonance state is transformed into a bound state. By contrast, continuum states exhibit almost no change in their eigenenergies as δ increases.
0 0 This behavior of the eigenenergies as functions of δ is shown schematically in FIG. 1 . In this figure, the curve labeled (b) around δ = 0 represents the eigenenergy of the resonance state denoted as ψ b (δ). It decreases as δ increases. This curve (b) then crosses the curve (a), which is flat around δ = 0 and is the eigenenergy of a continuum state denoted as ψ a (δ). After the closest approach of the two curves (b) and (a), the curve labeled (b'), which is the smooth continuation of the curve (a), and hence is disconnected from the curve (b), represents the eigenenergy of the resonance state ψ b (δ). This reminds us of the Landau-Zener level crossing scenario, see e.g. [43] . The eigenenergy of the continuum state ψ a (δ), which is first represented by the curve (a), continues with an almost flat shape, except near the crossing points. Eventually it is converted into the curve (a'). In the case of the resonance state ψ b (δ) at δ = 0, we can consider that this state contains a negligible amount of admixture of continuum state components, since it is located far from the crossing points with the continuum states.
However, in the case of the resonance state ψ d (δ) corresponding to the resonance state curve (d) in FIG. 1 , the state is at δ = 0 already involved in the crossing with the continuum state curve (c). Therefore, ψ d (δ) at δ = 0 should contain a sizable admixture of the continuum state. This is the usual situation for a resonance state with a broad width, and the resonance wave function obtained by using the bound state approximation cannot be trusted, because of the sizable admixture of the continuum state.
In order to overcome this difficulty, we note the utility of the continuum state wave functions obtained using the bound state approximation in the neighborhood of the resonance state, since they should contain sizable admixtures of the resonance state component. In our present simple example considered in FIG. 1 , we notice the utility of the continuum state wave function ψ c (δ). We can express both states, ψ d (δ) and ψ c (δ), as linear combinations of the pure resonance state Ψ d (δ) and the pure continuum state Ψ c (δ):
(9) The method for the extraction of the pure resonance component Ψ d (δ) which we proposed in Ref. [40] is obtained by noticing that the extension of the density of a resonance state is far smaller than the one of continuum states. More precisely, we can determine α and β from the requirement that the quantity
be a minimum, where
Here A is the mass number. This requirement is satisfied by diagonalizing the operator A j=1 (r j − X G ) 2 in the basis states ψ d (δ) and ψ c (δ), and by choosing (α, −β) to be the eigenvector belonging to the smallest eigenvalue.
When the resonance component is distributed among several energy eigenstates, we need to diagonalize the operator
2 in these energy eigenstates. When the energy eigenstates contain two resonance components, the diagonalization of the operator
2 gives two small eigenvalues. Two resonance states are obtained by diagonalizing the Hamiltonian H ′ (δ) with the two wave functions which give the two smallest eigenvalues of the operator A j=1 (r j − X G ) 2 . We are now able to calculate approximate values of resonance energies along the resonance energy curve. If a point on the resonance state curve is not influenced by any crossing points with continuum state curves, we can regard the energy of the point to be just the resonance energy. On the other hand, if a point on the resonance state curve is influenced by some near-by crossing point, we extract the resonance wave function using the procedure explained above and then calculate the expectation value of the Hamiltonian H ′ (δ) with the extracted wave function, which is just the resonance energy at this point. We apply this method for extracting the (0 
III. RESULTS AND DISCUSSIONS
A. Extraction of the resonance components for the (0
In the Hamiltonian (4), the explicit form of the longrange part of two-body nuclear force V (2) ij is given by 
with
The energy eigenvalues and eigenfunctions can then be obtained as δ-dependent solutions of the following HillWheeler equation,
Here the k-th eigenfunction is given as, the 4α threshold energy, are plotted up to 10 MeV in the range −0.01 ≤ δ ≤ 0.16. The 4α threshold energy is calculated as E th 4α = 4E α = −112 MeV, with E α the binding energy of the α particle, which does not depend on values of δ, since the pseudo potential V (P S) ij does not contribute to the binding energy of the α particle with the intrinsic wave function φ α in Eq. (2) . With the increase of δ from left to right, we see that three curves go down and pass through the 4α threshold one after another. The curves are considered to be trajectories corresponding to a resonance or bound state, which has a compact structure and is sensitive to the variation of the strength of the pseudo potential, as discussed in Sec. II B. On the contrary, the other curves, which are relatively straight, i.e. insensitive to the variation, are considered to correspond to continuum states with unrestrictedly large spatial extension.
We should here notice the important fact that the fourth 0 + state should be at around 3 MeV above threshold and that it has been missed in the previous calculation of Ref. [11] . With the decrease of δ, the trajectory for the fourth 0 + state passes through the 4α threshold at δ ≃ 0.14, and then from δ ≃ 0.03 the trajectory quickly becomes invisible. This is because the fourth state has non-negligible decay width as a resonance. This is the very reason why the fourth 0 + state could not be found in Ref. [11] , while the first, second, and third 0 + states can without problem be assigned to the single eigenstates of the Hamiltonian,
However, the method explained in Sec. II B enables us to extract the fourth state, which must exist in our approach around 3 MeV above the 4α threshold. The fourth 0 + wave function can then be expressed as
where the coefficients D k are determined so that the correct resonance wave function φ R (δ) should have a smaller radius than the continuum wave functions with spatially extended structures: φ R (δ) should satisfy the following relation against the variation of {D k }, In all subsequent sections, as a matter of convenience, we refer to the wave function of the extracted fourth 0 + state at δ = 0 as simply Ψ 4 instead of φ R (δ = 0). Thus, in the following, we represent the wave functions of (0 We present the calculated spectrum for the (0 in FIG. 4 , together with the results of experiment and the 4α OCM calculation [36] . We can see that the 4α OCM calculation gives a satisfactory oneto-one correspondence with the experimental spectrum. This can be understood by the fact that in the calculation the relative motions of α particles are solved in a huge model space, which is spanned by Gaussian basis functions [37] . This allows us to represent the 4α-particle gas, α+ 12 C clustering, and shell-model configurations, which are realized in the (0 Table I ). In the same table, we can see that the M (E0) values for the (0 On the other hand, the present THSR ansatz gives only four 0 + states including the ground state. Let us now recall that in principle the THSR wave function of Eq. (6) allows for only two limiting configurations, a pure Slater determinant for B = b and a pure α-particle gas for B ≫ b. Thus, as already mentioned, the scarcity of the 0 + states comes from the fact that the THSR wave functions can represent the asymptotic configurations like the α+ 12 C clustering only in a rough average way. In particular, the 0 ) clustering configurations, respectively, can hardly be represented by this wave function, since it does not possess nonzero spin waves with respect to the α-α relative motions. We should, however, note that the THSR wave functions are appropriate for describing states which dominantly have a gas-like structure of α particles weakly interacting in a relative S-wave, as the α condensate. Also the ground state with essentially a Slater determinant configuration is within the possibilities of the THSR wave function.
As mentioned above, we concluded in Ref. [36] In Table I , the binding energies, r.m.s. radii, monopole matrix elements with the ground state M (E0), and α-decay widths of the (0 
2 , and MeV, respectively, where E th 4α = 4Eα denotes the 4α threshold energy, with Eα the binding energy of the α particle. The values of the previous 4α OCM calculation [36] and of experiment [34, 44] The nucleon density distribution defined by,
for the (0 ) THSR state has a very dilute density structure. This is a common feature of Hoyle-like states. Since the effect of the antisymmetrizer in the THSR wave function will be negligible in the state with dilute density [45] , this state is considered to have the product structure of loosely bound 4α particles, contained in the THSR wave function.
The analogy to the Hoyle state can be discussed directly in the 16 O system by calculating the overlap amplitude with the α+ 12 C(0 + 2 ) structure. The 4α condensate state must have a large overlap with this structure, since it is natural that if one α particle is knocked out from the 4α condensate, the remaining 12 C nucleus is in the Hoyle state with the 3α condensate structure. This can be seen in FIGS. 6(a)-(d), where the following reduced width amplitudes (RWA's) for the (0
with Ψ( 12 C) being in the ground or Hoyle state of 12 C obtained via THSR ansatz. For the ground state (0 6(c) ). We show in FIG. 7 Based on the R-matrix theory [46] , we can calculate the α-decay widths Γ L for the (0 fomulae:
where k, a and µ are the wave number of the relative motion, the channel radius, and the reduced mass, respectively, and F L , G L , and P L (a) are the regular and irregular Coulomb wave functions and the corresponding penetration factor, respectively. The reduced width of θ at 15.1 MeV as well, which is discussed in Ref. [45] . In the present calculation, we neglect the decay into the other open channel α + 12 C(2 + 1 ), since the THSR wave function of Eq. (6) practically cannot have nonzero spin components with respect to the α-α relative motions.
C. Overlap with a single THSR wave function
While the THSR wave function represents the physically clear picture as the 4α condensation, the (0 In order to clarify this point, we first construct orthonormal wave functions from the THSR wave functions as follows: (22) where P k−1 is projection operators defined by,
and C k−1 is a normalization constant,
The wave function Ψ k (B) depends on the parameter B and is orthogonal to the wave functions Ψ k ′ of the (0
We then calculate the following squared overlap amplitudes between the wave functions Ψ k (B) and Ψ k ,
Note that Θ k (R 0 ) is written in terms of the parameter R 0 , which is related to B like B = b 2 + 2R 2 0 . states. We should note that this feature is exactly verified for the Hoyle state, strongly supporting the picture that the Hoyle state is a 3α condensate [13] . Therefore, the (0 Table I , the r.m.s. radii of these states are rather small. In these states the antisymmetrizer strongly disturbs the product structure of 4α particles, and therefore these rather compact states will not have a dilute gas-like structure of the 4α's.
D. Boson mapping of the THSR wave function
The quantities such as occupation probability of a single-α orbit and momentum distribution of α particles are very important information to discuss the nature of the α condensate. However, the wave functions Ψ k of the (0 + k ) THSR states are not based on the degree of freedom of the α particles (boson) but on that of the nucleon (fermion), and therefore the various bosonic quantities cannot directly be given by the wave functions. In order to obtain them, it is necessary to extract the bosonic wave functions from the fermionic wave functions Ψ k .
The wave functions Ψ k in Eq. (5) are rewritten as follows:
and
where χ k is defined in terms of Jacobi coordinates:
. We here mention a few features of the wave function Eq. (26) . It can be rewritten in the form
where the following abbreviations are used:
, and φ 4 α ≡ φ α1 · · · φ α4 . By using the norm kernel [47, 48] defined by
the orthonormal condition can be expressed as follows:
. The above relation suggests that, as discussed by several authors [14, 15, 49] , a normalized wave function in the bosonic space corresponding to the fermionic wave function Ψ k can be taken as
We should note that the above wave function is written in terms of the relative coordinates of the α particles, ξ, and does not depend on the internal coordinates of α particles, which are integrated out in the norm kernel N (ξ, ξ ′ ). For simplicity, in Refs. [14, 49] the following approximate form has been taken as ψ k (ξ),
We also adopt this approximation in the following discussions as one option.
On the other hand, the square root of the norm kernel can be expanded in using the so-called exchange kernel K [47, 48] ,
In dilute density states such as expressed by the THSR wave function, contributions from the exchange kernel K can be expected to be small. We therefore approximate the above quantity, up to first order, as follows: First let us consider a projection operator Λ [47, 48] onto the Pauli allowed space in the 4α system. Since the norm kernel N is defined in the Pauli allowed space, the following relations are satisfied, N = N Λ = ΛN = ΛN Λ, and hence N 1/2 = ΛN 1/2 Λ. These properties should also be kept after the expansion of Eq. (33), which therefore should have the following form in the first order approximation:
where for the second equality K = 1 − N is used. In diluted density states, to good approximation, the operator Λ can only act on any pairs of α particles to exclude the Pauli-forbidden, 0S, 0D, and 1S relative states. We thus adapt Λ to the present calculation as follows,
where u s (R ij ) is the harmonic oscillator wave function in a 0S, 0D, or 1S state, denoted by s, for the α-α relative motion. Eventually, we can also adopt as another form the following approximate normalized wave function in the bosonic space,
We adopt the bosonic wave function ψ k , in the forms of Eq. (32) and Eq. (36) , for the present calculations of quantities such as the one-body density matrix in discussing the amount of α condensation. Hereafter, we
By using the above α-particle bosonic wave function, the one-body density matrix for the α particle is defined following Refs. [14, 15, 36, [49] [50] [51] , like
Then, by solving the following eigenvalue problem,
we can obtain the occupation probability µ and the corresponding single-α orbit ϕ(r) as the eigenvalue and eigenfunction, respectively. The occupation probability µ is labeled with the angular momentum L and the quantum number of a positive integer n L , like L nL : In this work, for a single-α orbit with an angular momentum L, we denote the largest occupation probability as In order to check if the above-mentioned two approximations of APR1 and APR2 work well, at least, in dilute density systems, we first apply the above formalism to the Hoyle state which has already been well known to have the dilute gas-like 3α structure. We show in FIG. 9 the single-α orbits for the Hoyle state, which are labeled as S 1 and obtained with the two ways, APR1 (solid curve) and APR2 (dash-dotted curve). The microscopic wave function of the Hoyle state is given by solving the HillWheeler equation with the THSR ansatz, where the same effective nuclear force is adopted as in the present study [36] . The values of µ in the parentheses are the occupation probabilities into the corresponding orbits.
of
16 O. We can see that both curves are in good agreement with each other. This fact guarantees that the approximations are realistic for the dilute density state. We see that the single-α S orbit has 0S nodal behavior with a very extended tail. This is the characteristic feature of the α condensate state [15, 36] , where the α particles occupy the lowest 0S orbit of a rather soft mean-field-like potential [16] .
As we discussed above for the 12 C case, also for 16 O case it is important to calculate the occupation probabil- 
Occupation probabilities µ, which are labeled as Ln L with L and nL being the angular momentum and the quantum number of a positive integer, respectively, for (a) (0 ity and the corresponding single-α-particle orbit, which are the crucial quantities for judging the amount of the α condensation. In FIG. 10 , the single-α S orbits for the (0 6 ) OCM state described in our previous paper [36] . We should note that this behavior of the single-α orbit for this state is characteristic as an analogue to the Hoyle state [45] .
On the other hand, for the ground state, the single-α orbit has 2S nodal behavior with a strongly reduced tail, reflecting a compact density and hence the strong effect of the Pauli principle, for both approaches, THSR and OCM. (FIG. 12(a) ) and the (0 + 4 ) THSR state (FIG. 12(d) ). We can thus see that the occupation probability for the (0 S 1 , D 1 , and G 1 . In particular, the largest contribution comes from the G 1 orbit, reflecting more or less the doubly closed shell structure with the SU(3) configuration of [4444](λ, µ) = (0, 0).
We should mention that the (0 It is more likely that the concentrations of the occupation into the single-α S orbits for these states disappear in a situation where the α-α relative motion is solved in a larger model space so as to include the α+ 12 C clustering configurations, as was done in the previous 4α OCM calculation.
For the (0
THSR states, the sums of the occupation probabilities for the ten orbits ( The momentum distribution of α particle is also an important quantity to judge which state has a 4α condensate nature. It can be obtained by calculating the following doubly Fourier transformation of the one-body density matrix ρ α (r, r ′ ) in Eq. (37),
In FIG. 13 the above momentum distributions of the α particles are shown for the (0
As is consistent with the large occupation into the single α 0S orbit, the (0 + 4 ) THSR state has the most prominent δ-function-like peak at around zero momentum, which is one of the typical characters of the α condensate state. According to the rather strong concentrations of the occupation probability on the S orbits for the (0 ) THSR states, which can be defined, as in the α-particle case in Eqs. (37) and (39) , like
The prominent peak of the α-particle momentum distribution seen at around zero momentum for the (0 + 4 ) THSR state disappears in the nucleon momentum distribution. This means that the nucleons, on average, have rather high momentum components even for the (0 + 4 ) THSR state. The nucleon momentum distribution corresponds to the Fourier transformation of the nucleon density distribution, which is defined by Eq. (19) (see also FIG. 5) . Thus, this just reflects the diluteness of the nucleon density and does not give the property of the condensate structure composed of the α particles.
E. Size dependence of the occupation probabilities
It is instructive to discuss the nuclear size dependence of the occupation probabilities of the single-α orbits in the 16 O(0 + ) state within the framework of the 4α THSR ansatz. The results are shown in FIG. 15 for the single-α orbits labeled as S 1 , P 1 , D 1 F 1 , and G 1 . They are calculated based on the single 4α THSR wave function defined by Eq. (6), which has the free parameter B triggering the size of the nucleus. Starting with the single 4α THSR wave function, we extract the corresponding bosonic wave function with the approximation of APR1, and then calculate the one-body density matrix of the bosonic state, to obtain the occupation probabilities as the eigenvalues of the one-body density matrix. The obtained occupation probabilities then depend on the Bparameter, i.e. the r.m.s. radius R rms of the nucleus. 15. (color online) . Dependence of the occupation probabilities of the single-α-particle orbits labeled as S1, P1, D1, F1, and G1 in the 16 O(0 + ) state on its r.m.s. radius Rrms. The way of APR1 is adopted to obtain the bosonic wave function.
We can clearly see that with the increase of the r.m.s. radius R rms the occupation probability comes to concentrate on a single S orbit and the ones into the other orbits get rapidly suppressed. A similar behavior is also seen in the previous analysis for the 12 C(0 + ) state based on the 3α OCM [15] and in infinite nuclear matter case [53] , where the condensate fraction is enhanced as the density decreases. Here we notice that the r.m.s. radii of the (0 + 1 ) THSR and (0 + 4 ) THSR states are calculated as R rms = 2.5 fm and R rms = 6.1 fm, respectively. The distributions of the occupation probability at R rms = 2.5 fm are close to the ones of the full solution of the (0 + 1 ) THSR state using the Hill-Wheeler equation, which are shown in FIG. 12 . This is reasonable, since the single component THSR wave function, which coincides with the doubly closed shell wave function in the compact limit, as mentioned in Sec. II A, describes the (0 + 1 ) THSR state very well. We should recall that the squared overlap between them is 0.98, as discussed in Sec. III C. However, the occupation probability of the S 1 orbit at R rms = 6.1 fm amounts to about 90 %, which is considerably larger than the value of 64 % for the (0 6), but by the form of the wave function Ψ k=4 (R 0 ), as precisely defined by Eq. (22) . Let us now recall the discussion made in Sec. III C, where the latter wave function is constructed with the orthogonalization to the lower excited states and the ground state. That is, we can think that the orthogonalization reduces the occupation probability into a single S orbit to the value of 64 %, from about 90 %. In other words, we can say that the reduction is caused by the effect of the antisymmetrization, which remains in the orthogonalization operator P k−1=3 defined by Eq. (23). In the previous sections, we clarified that the (0 16 O. It will be important in future work to include those configurations into the THSR description.
On the other hand, the position of the (0 + 3 ) THSR state is rather close to the 4α threshold, and we see that the state also has a large amount of α condensate fraction, though the amount is not so large as that of the (0 + 4 ) THSR state. In this respect, the (0 + 3 ) THSR state could also be a candidate for the 4α condensate. However, as mentioned above, the result of the 4α OCM calculation indicates that a sizable fraction of the 4α condensation is only included in the (0 + 6 ) OCM state and not in the other five 0 + states. The explanation may again reside in the fact that we treat with THSR ansatz all α particles equally and then a relatively large r.m.s. radius value necessarily also leads to an α-gas-like state whereas in reality a large size also can be obtained from an α+ 12 C configuration. This points to the necessity to include α+ 12 C configurations into the THSR wave function.
Let us mention that in Ref. [34] the magnitude of the angular distribution of cross section in the (α, α ′ ) inelastic scattering to the observed 0 + 4 state agrees very well with that calculated for the (0 + 3 ) THSR state, in spite of our present conclusion that the 0 + 3 state is not very similar to the (0 + 4 ) THSR state. This agreement, nevertheless, seems rather natural, since as discussed in Refs. [27, 34] , the magnitude of the angular distribution in the inelastic scattering depends most sensitively on the size of the excited state and not so much on its internal structure.
IV. CONCLUSION
In this work, we reanalyzed the THSR wave function for the 4α system introduced previously by the last four authors of the present paper.
Searching for states in the continuum we found an additional 0 + state. This (0 + 4 ) THSR state was obtained at 3 MeV above the 4α threshold and was shown to have a large r.m.s. radius of 6.1 fm. This finding could be done with the help of the proper treatment of resonances based on the ACCC method, which was developed by some of the present authors. We compared the wave function of the (0 + 4 ) THSR state with the one of the (0 + 6 ) OCM state, which was previously obtained with the 4α OCM calculation as the 4α condensate state. It was clarified that we could reasonably understand that the (0 + 4 ) THSR state corresponds to the (0 + 6 ) OCM state, and then is the most appropriate for the 4α condensate state, rather than the (0 + 3 ) THSR state which had been considered to correspond to the condensate state in [11, 34, 35] .
In the analyses of the THSR wave function, we showed that the (0 In order to further discuss quantitatively the amount of α condensate fraction, we extracted the boson degrees of freedom from the THSR wave function, which is microscopically described based on the nucleon degrees of freedom. It was done via somewhat approximate procedures which should be valid at low densities. We showed that the occupation probability for the (0 + 4 ) THSR state concentrates by a large amount on a single-α 0S orbit, like the (0 + 6 ) OCM state. The shape of the orbits for both states is similar to each other and characteristic for Hoyle-like states. Furthermore, the (0 + 4 ) THSR state is shown to have a strong peak around zero momentum in the α-particle momentum distribution, indicating that the α particles are condensed around zero momentum. We also discussed the reason why the (0 + 3 ) THSR state, as well as the (0 + 2 ) THSR state, cannot be regarded as corresponding to the 4α condensate state, in spite of the fact that the states possess somewhat enhanced condensate-like features.
All these results strongly suggest that the (0 + 4 ) THSR state corresponds to the (0 + 6 ) OCM state and is the most appropriately considered to be the 4α condensate state. This further gives us a strong support that the 4α condensate state exists around the 4α breakup threshold and is very likely the observed 0 + 6 state at 15.1 MeV. This conclusion will be supplemented with more extended calculation than the present THSR description so as to incorporate α + 12 C clustering configurations. As concluded from comparison with OCM calculations, the α + 12 C components may then have a substantial contribution so that the condensate fractions will be reduced. It is nevertheless expected that the (0 + 4 ) THSR state remains an excellent approximation also in such an extended THSR description.
